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Abstract A new correlation between ultrasonic shear
wave velocity and Poisson’s ratio has been established for
isotropic porous material based on physical acoustic the-
ory. Poisson’s ratio may decrease, increase or remain
unchanged with decrease in shear wave velocity depending
on pore-shape and Poisson’s ratio of the bulk solid. In case
of decreasing Poisson’s ratio with decreasing shear wave
velocity, it passes through a minimum and then increases
again to reach a limiting value of 0.5. It has been further
demonstrated that the Poisson’s ratio versus porosity rela-
tion deduced from the proposed correlation agrees with the
experimental data extremely well.

Introduction:

In a recent paper Kumar et al. [1] have reported that for
isotropic solid materials Poisson’s ratio decreases with
increase in ultrasonic shear wave velocity and suggested a
linear relationship between them. Based on Mori-Tanaka
mean-field approach, Dunn and Ledbetter [2] have shown
that for an isotropic porous solid, Poisson’s ratio is a
function of porosity, pore geometry, and Poisson’s ratio, v,
of the pore-free material. Their analysis shows that for
materials with spherical pores and vy > 0.2, Poisson’s ratio
decreases with increasing porosity and for vy < 0.2 it
increases with increase in porosity (refer to Fig. 1 of [2])
and remains constant for vg = 0.2. It is well established that
ultrasonic shear wave velocities for porous ceramics and
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metal powder compacts decrease with increasing porosity
[3-6]. Therefore, for porous materials with spherical pores
and vy > 0.2, Poisson’s ratio will decrease with decrease in
ultrasonic shear wave velocity and for vy < 0.2 it will
increase with decrease in velocity. For the needle-shaped
pores the variation of Poisson’s ratio with porosity is
qualitatively similar to those of the spherical pores [2] and
therefore, a similar variation with ultrasonic shear wave
velocity as those of spherical pores is expected. On the
other hand, for materials with disk-shaped pores, Poisson’s
ratio decreases highly non-linearly with porosity [2] for
any positive value of vy and increases with porosity for
negative values of v,. Negative Poisson’s ratios are usually
exhibited by highly anisotropic and foamed materials and
we will not consider them in this analysis. Therefore for
isotropic porous materials Poisson’s ratios may either
increase or decrease with ultrasonic shear wave velocities
depending on the values of vy and pore geometry. Figure 1
shows a plot of Poisson’s ratios of four different porous
ceramic materials namely alumina [7], uranium dioxide
[8], porcelain [9], reaction bonded silicon nitride (RBSN)
[10], and silica gel [11] against their respective ultrasonic
shear wave velocities. The straight lines fitted by regression
analysis indicate the trends of variation of the data." The
Poisson’s ratios, vy, of these materials are 0.233, 0.316,
0.195, 0.201, and 0.159 for alumina, uranium dioxide,
porcelain, RBSN, and silica gel respectively [7-11]. As
expected from theory, Poisson’s ratios decrease with shear
wave velocities for alumina and uranium dioxide whereas
those of porcelain and silica gel increase with velocities.
However, the slopes of trend lines vary indicating possibly
presence of pores of different geometries in these materials.

! Regression coefficients are 0.94, 0.93, 0.99, 0.80, and 0.40 for silica
gel, porcelain, uranium dioxide, RBSN, and alumina, respectively.



J Mater Sci (2008) 43:316-323

317

0.350 =
O Silica Gel [11]
0325 4 @ Alumina [7]
m  Porcelain [9]
0.300 ®  Uranium Dioxide[8]
% Reaction bonded
0.275 ~ Silicon Nitride[10]
£ 0250
(1]
[V 4
w 02254
=
S
g 0.200
]
O g1754
0.150
0.125
0.100

—tf—r¥r—7—77
0 670 1340 2010 2680 3350 4020 4690 5360 6030 670C
Ultrasonic shear wave velocity (m/s)

Fig. 1 Variation in Poisson’s ratio with ultrasonic shear wave
velocity for porous material with Poisson’s ratio of bulk material
greater, less, and equal to 0.2

For RBSN having vy = 0.201, it remains practically con-
stant as predicted by the theory. Analysis given by Dunn
and Ledbetter [2] also gives the limiting values of
Poisson’s ratios for different pore geometries as ultrasonic
shear velocity approaches zero (i.e., as pore fraction
approaches one). But as pointed out by them these limits
are not valid since their model is not valid above a porosity
of 40%. However, this limit can be deduced from the
relation between Poisson’s ratio and ultrasonic velocities
given by the theory of physical acoustics [1], i.e.,

2 2
Y= (VL _2VT) (1)
2(Vi = Vi)
where v is the Poisson’s ratio and V; and V, are the
ultrasonic longitudinal and shear velocities respectively.
Equation 1 indicates that the limiting value of vy = 0.5 as
Vr becomes zero. This predicts two interesting features of
variation of Poisson’s ratios with ultrasonic shear wave
velocities for porous materials. For materials with v < 0.2
and having Poisson’s ratio increasing with decrease in
shear wave velocity, Poisson’s ratio is expected to increase
monotically and attain a value of 0.5 as V; approaches
zero. On the other hand, material having v > 0.2 and
decreasing Poisson’s ratio with decrease in shear velocity,
it must pass through a minimum and increase again to
satisfy Eq. 1 at V; = 0.

In the present study, first a new correlation between
Poisson’s ratio and shear wave velocity is derived based on
Eq. 1 and then a comparison between theory and experi-
mental data is presented to analyze the interesting features
of these variations.

Analytical derivation and data analysis

Equation 1 can be rearranged to express V; as a function of
Vr and v giving the relation

V2 = V22(1 —)

G (2)

Assuming v can be expressed as a function of V7 (linear or
otherwise) [1], Eq. 2 indicates that there exists a polynomial
relationship between V; and V; Therefore, we can write

Vi = filVr) 3)

where f; (V) is a polynomial function of V7. Equation 1 can
now be used to express v in terms of V giving the relation

2=l W

2(1 - [rvn)F)

where f(Vy) = Vi /Vr = fi(Vp/Vris a function of Vronly. It
may be noted that if v remains invariant with ultrasonic
velocity (or porosity), then Eq. 2 reduces to

Vi =B Vr (5)

where f§ is a constant given by / ?](1__3

5,7+ In what follows an
analysis of experimental data reported in the literature is
presented in terms of Eqs. 1-5. These data sets include
alumina [7, 12-15], uranium dioxide [8, 16], porcelain [9],
silica gel [11] and reaction bonded silicon nitride [10].
Wherever velocity values have not been reported, they
have been calculated from the reported values of Young’s
and shear moduli and density using the well-known
relations given by the physical acoustics theory. The
functional form of f;(V7) is taken as

Ve =f1(Vr) = o+ BVr +7V; (6)

where o, 5, and 7y are constants. The values of these constants
are evaluated considering ultrasonic velocity values at three
points one of which is that of theoretically dense or pore-free
material. Other two data points are taken from experimental
values at two different porosities. The velocity values of
theoretically dense or pore-free material are calculated from
mean polycrystalline (VRH) values for elastic moduli
wherever such data are available, otherwise the values for
pore-free material as reported in the literature are used. Sum
of squares, Q, is used as a measure of goodness of fit
between data and Eq. 6. Q is given by

Z:’:1 (Vci - Vi)z

0=1-=4
Zi:l (Vi - Vm)z

(7)
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where V,; is the calculated i-th value from the fitted
equation, V; is the measured value, V,, is the mean of the
measured values, and n is number of data points. For values
of Q > 0.95 the fit is considered to be good.

Alumina

In Fig. 2 experimental values of ultrasonic longitudinal
velocities, V;, have been plotted against ultrasonic shear
velocities, V, for alumina reported by various researchers
[7, 12—-15]. Within the limits of experimental errors all the
data points seem to fall on a single curve even though
various methods of fabrication have been adopted by these
researchers namely uniaxial pressing [12, 13], uniaxial
pressing followed by isostatic pressing [7], pressure casting
of colloidal slurry [14], and slip casting [15]. Different
methods of fabrication are likely to give different pore
geometries and it is well established now that besides
porosity, different pore geometries also affect ultrasonic
velocities differently [17]. Therefore, the observation that
all the data points fall on a single curve possibly indicate
that pore geometry affects both longitudinal velocity and
shear velocity in identical manner. Values of «, f, and y in
Eq. 6 were evaluated using pore-free longitudinal and shear
wave velocities of alumina as 10839.0 m/s and 6399.4 m/s,
respectively calculated from mean polycrystalline elastic
properties as reported by Anderson et al. [18] and the
experimentally determined velocity values corresponding
to porosities of 36.6% and 17.8% as reported by Kulkarni
et al. [15] giving the relation

V. = 729.6 + 1.0V; + 8.81 x 107° V2 (8)
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Fig. 2 Variation of ultrasonic longitudinal velocity with ultrasonic
shear wave velocity of Alumina as reported by different researchers
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with a value of Q = 0.988. Equation 8 is also plotted in
Fig. 2 and it agrees with the data well. Equation 4 with V)
values derived from Eq. 8 is plotted in Fig. 3 along with the
experimental values of Poisson’s ratio calculated from the
measured velocity values. Considering the fact that Pois-
son’s ratio is more sensitive to the error of measurements,
the predicted values show reasonable agreement with the
data. Since the value of Poisson’s ratio of pore-free alumina
is 0.233, it initially decreases with velocity, as expected. The
minimum value of Poisson’s ratio is reached at a shear
velocity of 2,720 m/s and then it increases again. Unfortu-
nately very few data points are available to confirm this
increasing trend. To further confirm this increasing trend, a
value of the Poisson’s ratio for foamed alumina as reported
by Hagiwara et al. [19] has also been plotted in Fig. 3. It
seems to agree with the trend predicted by Eq. 4 quite well.

Uranium dioxide

Figure 4 shows ultrasonic longitudinal wave velocity of
sintered uranium dioxide plotted against ultrasonic shear
wave velocity as reported by Panakkal [8]. Again values of
o, f, and y were evaluated using longitudinal and shear
wave velocities of pore-free uranium dioxide as 5469.0 m/s
and 2823.9 m/s, respectively, calculated from mean poly-
crystalline elastic properties as reported by Wachtman
et al. [20] and the experimentally determined velocity
values corresponding to porosities of 20.0% and 12.5% as
reported by Panakkal [8] yielding the relation

V. = 2386.97 — 1.04Vy + 7.56 x 107*V?2 9)
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Fig. 3 Variation of Poisson’s ratio of porous alumina with ultrasonic
shear wave velocity
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Fig. 4 Variation of ultrasonic longitudinal velocity with ultrasonic
shear wave velocity of uranium dioxide as reported by different
researchers

with Q = 0.985. It may be mentioned that the data reported
by Panakkal [8] is the collection of data reported by four
different researchers [20-22] including his own [16, 23],
yet the two ultrasonic velocities show excellent close cor-
relation confirming again that pore geometry affects
longitudinal and shear wave velocities identically. Also
plotted in Fig. 4 are data of ultrasonic velocities reported
by Gatt et al. [24]. As before, these values agree closely
with the fitted Eq. 9 as indicated by a value of Q = (0.985.

Figure 5 shows the variation of Poisson’s ratio with
shear wave velocity, calculated from Eq. 4 along with
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Fig. 5 Variation of Poisson’s ratio of porous uranium dioxide with
ultrasonic shear wave velocity

Eq. 9. Also plotted in Fig. 5 are the Poisson’s ratios as
reported by Panakkal [8] and Gatt et al. [24] showing
excellent agreement with the predicted values. Poisson’s
ratio values were calculated from the measured velocity
data. Since the Poisson’s ratio of dense uranium dioxide is
0.316 [20], it initially decreases with velocity and then
increases after reaching a minimum value at a velocity of
1,700 m/s.

Porcelain

Ultrasonic wave velocities of porcelain as reported by
Boisson et al. [9] are shown in Fig. 6. Since measured
velocity values of pore-free material were not available,
values of «, f5, and y were evaluated using experimentally
measured velocity values at porosities of 10.8, 17, and
37%. Here again, longitudinal wave velocities show a close
correlation with shear wave velocities giving the relation

V, = 8572 + 2.05 Vp — 1.29 x 107* V7 (10)

with a value of Q = 0.998. In Fig. 7 experimental Pois-
son’s ratio values, calculated from measured velocity
values, have been plotted against shear wave velocities
along the predicted values calculated from Eq. 4 and the
fitted Eq. 10. Predicted values agree with the experimental
data quite well. Poisson’s ratio of pore-free porcelain is
estimated to be 0.195 from the values of ultrasonic
velocities of pore-free material estimated by Roth et al. [3].
Since vy is less than 0.2, Poisson’s ratio shows an
increasing trend with decreasing velocity as predicted by
the theory.
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Fig. 6 Variation of ultrasonic longitudinal velocity with ultrasonic
shear wave velocity of Porcelain

@ Springer



320

J Mater Sci (2008) 43:316-323

0.500

0.465

4

0.430 +
0.395—:
{}.36()-
0.3‘25-‘

0.290 - L5 L]

Poisson's ratio

0.255 4 L
0.220

4

0.185 o "

0.150 —_—
0 410 B20 1230 1640 2050 2460 2870 3280 3690 4100
Ultrasonic shear wave velocity (m/s)

Fig. 7 Variation of Poisson’s ratio of porcelain with ultrasonic shear
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Silica gel

Figure 8 shows a plot of ultrasonic velocities of silica gel
reported by Adachi and Sakka [11]. They prepared silica gel
by sol-gel method from a tetramethoxysilane solution with
porosity varying in the range 0-0.726. The longitudinal
velocity values have been calculated from their reported
values of shear wave velocities and Poisson’s ratios using
Eq. 2. The values «, f5, and y were evaluated using experi-
mentally measured velocity values for pore-free material
and for porosities of 72.6 and 38.9% giving the relation

Vp = 444 + 1.61Vy — 1.19 x 107 V3 (11)

with Q = 0.999 showing excellent agreement between the
data and the fitted equation. Figure 9 shows the predicted
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variation of Poisson’s ratio with shear wave velocity as
calculated from Eqgs. 4 and 11 along with the experi-
mental data of Poisson’s ratio calculated from measured
velocities [11]. The experimental data agree with the
predicted values extremely well. Poisson’s ratio of pore-
free silica gel has been reported by Adachi and Sakka
[11] as 0.159 and therefore, as expected from theory
Poisson’s ratio increases with decrease in shear wave
velocity. As can be seen from Fig. 9, Poisson’s ratio
increases sharply below a shear wave velocity of 800 m/s.
Unfortunately the data reported by Adachi and Sakka [11]
cover a range of shear wave velocity up to 800 m/s only.
A further confirmation regarding this nature of variation
is given later based on the data of Ashkin et al. [27] for
colloidal gel-derived silica having ribbon-like pore
structure.

RBSN

In Fig. 10 Poisson’s ratios and longitudinal wave velocities
of RBSN as reported by Thorp and Bushell [10] have been
plotted against shear wave velocities. As can be seen from
Fig. 10 Poisson’s ratio remains constant at a value of 0.2
with the change in shear wave velocities. Therefore the
variation in longitudinal wave velocities with shear wave
velocities is given by Eq. 5 with the value of § = 1.633 for
vo=0.2,1ie.,

V, = 1.633V; (12)

Equation 12 is also plotted in Fig. 10. It shows an excellent
agreement with the velocity data having a value of
Q =0.997.
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Discussion

The analysis of experimental data as presented in the pre-
vious section shows that for isotropic porous materials, the
variation of Poisson’s ratio with ultrasonic shear wave
velocity is in agreement with the theoretically predicted
trends based on Mori-Tanaka mean-field approach [2].
Poisson’s ratio may initially increase, decrease, or remain
unchanged with decrease in shear wave velocity depending
on the pore shape and Poisson’s ratio of the bulk solid. In
case of decreasing Poisson’s ratio with shear wave veloc-
ity, it passes through a minimum and then increases again
to satisfy the limiting condition v =0.5 at Vy=0, as
imposed by the physical acoustics theory. The experi-
mental data on alumina and uranium dioxide having
vo > 0.2, analyzed earlier, show this behavior. However,
the rate of decrease of Poisson’s ratio with decrease in
shear wave velocity is higher in case of uranium dioxide
compared to that of alumina (refer to Figs. 3 and 5). This is
attributed to the different pore structure of these two
materials. According to the analysis given by Dunn and
Ledbetter [2], the rate of decrease or increase of Poisson’s
ratio with porosity is dependent on pore geometry and it is
in the order—disk shape > needle shape > spherical
shape—with minimum increase or decrease for spherical
shape pores. Therefore, from the nature of variation as
shown in Figs. 3 and 5, it may be inferred that the pore
geometry in case of uranium dioxide can possibly be
described by disk-shaped pores whereas that of alumina by
either needle-shaped or spherical pores. This observation
agrees well with the analysis of data on uranium dioxide
(shown in Fig. 5) made by Gatt et al. [24] based on
numerical simulation. They have concluded that
inter-granular pores in uranium dioxide have ellipsoidal
shapes and their aspect ratio is lower than about 0.25

(penny-shaped oblates). Phani [25] has also shown that
elastic properties of alumina as reported by Nagarajan [13]
can be well described by using a cylindrical pore model.
For both porcelain and silica gel having vy < 0.2
Poisson’s ratio increases with decrease in shear wave
velocity. As mentioned earlier, with disk-shaped pores,
Poisson’s ratio decreases highly nonlinearly with increas-
ing porosity and hence with decreasing shear wave velocity
for any positive value of v,. Therefore, increasing values of
Poisson’s ratios with decreasing shear wave velocities in
case of porcelain and silica gel rule out the possibility of
disk-shaped pores in these materials. On the other hand, for
any material having vy < 0.2, if the Poisson’s ratio
decreases with decrease in the shear wave velocity, it will
indicate presence of pores in the shape of thin disks only.
Thus from the theoretical analysis it will be only logical to
assign needle-shaped pores to porcelain which shows
higher rate of increase in Poisson’s ratio with decreasing
shear wave velocity compared to that of silica gel and
assume that pores in silica gel are spherical in shape.
However, in an earlier study Phani and Sanyal [26] have
shown that silica gel as prepared by Adachi and Sakka [11]
by sol-gel method has a ribbon-like pore structure similar
to that of colloidal gel-derived silica as reported by Ashkin
et al. [27]. This has been established by comparing
Young’s modulus versus porosity data reported by these
two researchers. Fig. 12 shows the variation of Poisson’s
ratio with porosity of colloidal gel-derived silica as
reported by Ashkin et al. [27] along with the values of sol—
gel-derived silica given by Adachi and Sakka [11]. The
similar variation of Poisson’s ratio with porosity for these
two data sets, again confirms the similarity of their pore
structure. Arnold et al. [28] have analyzed this data set
assuming pores to be spherical and observed that the
Poisson’s ratio versus porosity relation is concave down-
ward up to a porosity value of 0.4 and is convex upward
above this value giving a distinct kink at a porosity of 0.4.
Their fitted equation is shown in Fig. 11. Phani and Sanyal
[26] have shown that such a sharp transition in Poisson’s
ratio with porosity is an outcome of data analysis procedure
and does not indicate the true nature of the variation. They
analyzed the data assuming a ribbon-like pore structure and
the equation fitted by them is also shown in Fig. 11. The
fitted equation agrees with the data well but it fails to
explain the sharp increase in Poisson’s ratio above a
porosity of 0.7. To reanalyze the data in terms of Eq. 4,
proposed in this study, we need to express Eq. 4 in terms of
porosity and for this, variation of V with porosity must be
known. Unfortunately, Ashkin et al. [27] have neither
reported shear wave velocity nor shear modulus for the
material studied by them. Therefore, to express the varia-
tion of V7 with porosity, p, the data reported by Adachi and
Sakka [11] is utilized. These data are shown in Fig. 12.
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A power law equation as suggested by Phani and Maitra
[29] is fitted to the data taking the shear wave velocity of
pore-free silica gel as 3,890 m/s [11] giving the relation

Vr = 3890 (1 — 1.13p)*™ (13)

with a coefficient of correlation of 0.986. Equation 13 has
also been plotted in Fig. 12.

Equations 4, 11, and 13 can be used together to describe
the variation of Poisson’s ratio with porosity for silica gel.
The predicted variation is shown in Fig. 11 (solid line).
The agreement between the predicted values and the
experimental data speaks for itself. This also confirms the
sharp increase in Poisson’s ratio of silica gel below a shear

@ Springer

wave velocity of 800 m/s (or above a porosity of 0.7) as
shown in Fig. 9 and the ribbon-like pore structure of the
silica gel prepared by Adachi and Sakka [11] by sol-gel
method. This leaves one question unanswered—what is the
pore structure of porcelain? In absence of microstructural
details this issue cannot be resolved.

Finally it may be mentioned that the above inferences
regarding pore structure have been made based on the
analysis of Dunn and Ledbetter [2]. However, in absence of
detailed microstructure of the materials analyzed here
(except for the data reported by Ashkin et al. [27]) these
cannot be confirmed.

Conclusions

The variation of Poisson’s ratio of isotropic porous mate-
rial with ultrasonic shear wave velocity has been studied
and a new correlation has been proposed to describe its
variation with shear wave velocity based on the theory of
physical acoustics. The study indicates that

1. for isotropic porous materials ultrasonic longitudinal
velocity is closely related to ultrasonic shear wave
velocity irrespective of the pore structure of the
material; indicating that the pore geometry affects
both longitudinal velocity and shear velocity in
identical manner.

2. for materials having spherical and needle-shaped pores
and Poisson’s ratio of bulk material greater than 0.2,
Poisson’s ratio initially decreases with decrease in
shear wave velocity and goes through a minimum and
then increases with decrease in velocity reaching a
limiting value of Poisson’s ratio of 0.5. On the other
hand, for bulk material Poisson’s ratio less than 0.2,
Poisson’s ratio monotonically increases with decrease
in velocity with a limiting value of 0.5 for Poisson’s
ratio.

3. for disk-shaped pores Poisson’s ratio decreases with
shear wave velocity for any value of Poisson’s ratio of
bulk material greater than zero, passes through a
minimum value and then increases with decrease in
velocity. This also indicates that if Poisson’s ratio
decreases with decreasing shear wave velocity for any
material having Poisson’s ratio of bulk material less than
0.2, the material will have pores in the shape of disks.

4. for materials having needle or spherical-shaped pores
and Poisson’s ratio of bulk material equal to 0.2,
Poisson’s ratio remains constant with change in shear
wave velocity.

5. variation of Poisson’s ratio with shear wave is in
general agreement with the predictions based on
Mori-Tanaka mean-field approach.
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6. Poisson’s ratio versus porosity relation deduced from
the new correlation correctly predicts the increasing
trend of Poisson’s ratio with porosity for materials
having ribbon-shaped pores.
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